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Novel way to interpret and carry out the simulations of 
dark matter fluids. 



Cosmological N-body  
simulations

• Used to make predictions about the distribution of dark matter in 
the Universe 


• Key results

• Galaxies are arranged in cosmic web of voids/sheets/filaments/

halos

• Universal spherical Dark Matter density profile (NFW)  

[not understood from analytical arguments]

• Predicted mass functions of halos and their clustering and 

velocity statistics

• Primary tool to study observational consequences of LCDM 

• initial conditions: warm vs cold DM, Gaussian vs non-Gaussian  

• sensitivity on global cosmological parameters such as the total 

matter content and amount of dark energy, etc.

• Gravitational Lensing signatures



Cosmological N-body simulations

• All modern cosmological simulation codes only differ in how they 
accelerate the computation of the sum over all particles to obtain the 
net force


• End result are simply the positions and velocities of all particles


• Softening of forces (add  epsilon^2 in denominator) avoids 
singularities. 


• Limit N goes to infinity must give correct answer, right? 


• Plummer
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ẋ = v(t) v̇i = �
NX
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NX

i 6=j

G mi mj
(xj � xi)

(|xj � xi|2 + ✏2)3/2
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Tom Abel2012

Density information everywhere in space
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All microphysical phase space information available
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structure.



Cosmic 
Velocity  
Fields
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Solution to 30 yr old artificial fragmentation problem in warm and hot DM models



Formation of a Single Halo  
Hahn, Kaehler & Abel



arXiv:1304.2406 
 The Warm DM halo mass function below the cut-off scale

Raul E. Angulo (1), Oliver Hahn (1 and 2), Tom Abel (1) ((1) KIPAC, Stanford University, (2) ETH, Zurich)
(Submitted on 8 Apr 2013)



Angulo, Hahn & Abel 2013





Warm Dark Matter Mass functions



Particle Noise in  
Gravitational Lensing Predictions

• Noiseless but biased estimator

Angulo, Chen, Hilbert & Abel,  
MNRAS (2013)



Exact  
Deposit

• any polyhedra intersections 
without constructing the 
overlap 

• linear and quadratic function 
defined over polyhedra 

• fundamental building block 
for many novel algorithms 

• 30 times faster than a 
recursive algorithm 

• Computational Geometry - 
Patent? 

• Powell and Abel (2014) 
submitted to JComP



Also applicable to Collisionless Plasmas 
Example: Landau Damping in1D

Kates-Harbeck, Totorica, Zrake & Abel 2014, in prep.



Numerical Hydrodynamics & Mixing

• In comparison of 12 cosmological 
hydrodynamics codes on simple 
non-radiative simulations of 
galaxy clusters, the only grid 
based result looked significantly 
divergent in the entropy profile


• Over many years detailed follow 
up studies concluded that the 
inability of traditional Smoothed 
Particle Hydrodynamics 
techniques was the culprit


• Discretized mass elements which 
cannot shear and mix with 
surrounding fluid stay trapped in 
cluster centers

Frenk 1999, Santa Barbara  
Galaxy Cluster Comparison Project

AMR

/ T

⇢2/3



No fully 
Lagrangian 
method is 
possible for 
compressible 
flow. 

Abel 2011, rpSPH



Numerical Hydrodynamics & Mixing

• Springel 2010, argues that moving 
mesh is best to avoid diffusion.


• However, this again suppresses mixing 
and leads to numerical (unphysical) 
instabilities at shearing contact 
discontinuities.


• Galaxy Scale Simulations are unlikely 
to be a testbed for doing subtle code 
comparisons given that forces on the 
gas are dominated largely by gravity 
and Reynolds numbers are much too 
small. 


• How different phases mix is crucial in 
understanding ISM physics as it affects 
cooling, energy transport, etc.



Pseudo-Phase Space Density perfect power law in 
Dark Matter Simulations

Frenk 1999, Santa Barbara  
Galaxy Cluster Comparison Project

AMR

/ T

⇢2/3



Limits of the sheet: need for refinement

nonlinear deformation

split if nonlinear 

deformation detected



Adaptive Refinement II - work in progress
3 levels of 


additional refinement

stay tuned...
Hahn, Angulo & Abel ongoing







N-body Quadrilaterals + refinement Quadrilaterals

Linear tets + refinement Linear tets Enormous accuracy gains with higher order 
interpolation schemes.  
Shown here in the test case of a cube 
evolving in a static potential.



Lagrangian Tessellation: What’s it good for?

• Analyzing N-body sims, including web 
classification, velocity dispersion, 
profiles, resolution study  
(Abel, Hahn, Kaehler 2012) 

• DM visualization 
(Kaehler, Hahn, Abel 2012) 

• Better Numerical Methods 
(Hahn, Abel & Kaehler 2013, Hahn, 
Angulo & Abel 2014-) 

• Finally reliable WDM mass functions 
below the cutoff scale  
(Angulo, Hahn, Abel 2013) 

• Gravitational Lensing predictions 
(Angulo, Chen, Hilbert & Abel 2014) 

• Cosmic Velocity fields 
(Hahn, Angulo, Abel 2014) 

• Plasma simulations (Vlasov/Poisson 
and relativistic Vlasov/Maxwell) 
(Kates-Harbeck, Totorica, Zrake & 
Abel 2014, in prep.) 

• Exact overlap integrals of Polyhedra 
(Powell & Abel 2014 submitted.) 

• Void profiles, Wojtak et al in prep.  

• your application here …



Thank you! 

• Questions?


